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The general idea

The human framework: In Granada, the Algebra and Information Theory group' likes to design new algebraic
decoding algorithms for nice classes of codes.

1h1:tps ://www.ugr.es/local/ait/index_en.html
’That is, it satisfies that ¢(a + b) = ¢(a) + ¢(b) for all a, b € K.
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The general idea

The human framework: In Granada, the Algebra and Information Theory group' likes to design new algebraic

decoding algorithms for nice classes of codes.

A simple mathematical framework:
@ Let K be a field.
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K? ={b € K : ¢(ab) = ¢(a)b for all a € K}.
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The general idea

The human framework: In Granada, the Algebra and Information Theory group' likes to design new algebraic
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A simple mathematical framework:
@ Let K be a field.
@ For any additive map? ¢ : K — K, set

K? ={b € K : ¢(ab) = ¢(a)b for all a € K}.
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The general idea

The human framework: In Granada, the Algebra and Information Theory group' likes to design new algebraic
decoding algorithms for nice classes of codes.

A simple mathematical framework:
@ Let K be a field.
@ For any additive map? ¢ : K — K, set

K? ={b € K : ¢(ab) = ¢(a)b for all a € K}.

@ A straightforward argument shows that K¢ is a subfield of K and, obviously, ¢ becomes a K?¢—linear map.

@ A tempting idea is to use good enough field extensions K/K® to design K-linear error corrector codes with
efficient algebraic decoding algorithms.

Thttps://wuw.ugr.es/local/ait/index_en.html
’That is, it satisfies that ¢(a + b) = ¢(a) + ¢(b) for all a, b € K.
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@ In this talk, we consider additive maps on K stemming from skew derivations.
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The concrete framework

@ In this talk, we consider additive maps on K stemming from skew derivations.

@ As algebraic objects, our codes can be seen as a special case of module (o, d)—code in the sense of
[BU] D. Boucher, F. Ulmer. Linear codes using skew polynomials with automorphisms and derivations.
Des. Codes Cryptogr. 70 (2014) 405-431.
in a similar way as Reed-Solomon codes may be interpreted as examples of cyclic codes.
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@ Our aim in the first part: To construct a class of codes, from a skew derivation, endowed with an algebraic
decoding algorithm inspired by Peterson-Gorenstein-Zierler's one. We only require Linear Algebra.
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The concrete framework

@ In this talk, we consider additive maps on K stemming from skew derivations.

@ As algebraic objects, our codes can be seen as a special case of module (o, d)—code in the sense of
[BU] D. Boucher, F. Ulmer. Linear codes using skew polynomials with automorphisms and derivations.
Des. Codes Cryptogr. 70 (2014) 405-431.
in a similar way as Reed-Solomon codes may be interpreted as examples of cyclic codes.

@ Our aim in the first part: To construct a class of codes, from a skew derivation, endowed with an algebraic
decoding algorithm inspired by Peterson-Gorenstein-Zierler's one. We only require Linear Algebra.

@ Obijective of the second part: show why the first part works. Requirement: some basic facts on
(non-commutative) rings.
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The concrete framework

A skew derivation on K is a pair (o, 0), where o is a field automorphism of K, and 0 : K — K is an additive map
subject to the condition

d(ab) = o(a)d(b) + d(a)b, (1)
forall a,b € K.
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The concrete framework

A skew derivation on K is a pair (o, 0), where o is a field automorphism of K, and 0 : K — K is an additive map

subject to the condition
0(ab) = o(a)d(b) + d(a)b,
forall a,b € K.

Given u € K, let ¢, : K — K be defined by

pu(a) = a(a)u + o(a),
for all a € K.

It is an additive map.
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The code builder

Proposition 1

Assume that the dimension of K as a K¥“—vector space is m < co. The minimal polynomial of the K?—linear map

@, has degree m and, henceforth, it has at least® a cyclic vector®.
only if the matrix
a Pula)

@u(a)  @2(a)
A= .

o7 Ha) @)
is invertible.

“If there is one, then most of the elements in K become cyclic vectors.
bThat is, {a, pu(a), ..., @™ 1(a)} is a K¥u—basis of K

Moreover o € K is such a cyclic vector if and

o7 a)
@y (a)

2" 2(a)
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The definition
Definition 2

Given 2 < d < m, define the K—linear code C,,.0,qy © K™ of dimension m — d + 1 as the left kernel of the matrix

a @u(Q) e i3 (a)
pu(a)  @2(a) e @i Y(a)

H= 0 2 - 2 2
orla) @) e era)

that is, Cig,.0.q) = {w € K™ : wH = 0}. It is endowed with the Hamming metric.
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The definition

Definition 2

Given 2 < d < m, define the K—linear code C,.0,q) © K™ of dimension m — d + 1 as the left kernel of the matrix

a @u(Q) o @33(a)
pu(a)  @2(a) o @i Ya)

H= 0 : - : 2
orla) @) e era)

that is, Cig,.0.q) = {w € K™ : wH = 0}. It is endowed with the Hamming metric.

Remark: The matrix H is transpose to the generating matrix of some instances of linearized Reed-Solomon codes
in the sense of

U. Martinez-Peiias, Skew and linearized Reed-Solomon codes and maximum sum rank distance codes over
any division ring. J. Algebra 504 (2018) 587-612.

So our RS skew-differential codes are dual to some of them. In particular, it comes out that C,, «.4) is an MDS
code.
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Decoding, |

Next, let us describe the decoding algorithm for C,, «q), that corrects up to 7 = [ 5] errors (d > 3).

Suppose that we receive a word
y=Wo - Yma) € K"

with y = ¢ + e € K, where c is a codeword, and

e= (e, ..., em 1)

is an error vector, which is assumed to be nonzero in the discussion below.
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Decoding, |

Next, let us describe the decoding algorithm for C,, «q), that corrects up to 7 = [ 5] errors (d > 3).

Suppose that we receive a word
y=Wo - Yma) € K"

with y = ¢ + e € K, where c is a codeword, and
e=(e,...,em1)

is an error vector, which is assumed to be nonzero in the discussion below.

Suppose that the nonzero components e, ..., e, € K of e occur at the positions 0 < ky < --- < k, < m—1. We
assume that v < 1.
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Decoding,ll

@ We start by computing, for i =0, ..., d — 2, the syndromes
m—1
So=Y_yieia), 3)
j=0

which are the components of the vector yH.
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Decoding,ll
@ We start by computing, for i =0, ..., d — 2, the syndromes
m—1
Sio = Z)’j‘PL+J(a)r
j=0
which are the components of the vector yH.

@ For every pair /, k of nonnegative integers such that i + k < 27 — 1 we may compute S;, € K recursively
from (3) according to the rule

Siks1 = 0 (0(Sik) — Sivrk)-
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Decoding,ll
@ We start by computing, for i =0, ..., d — 2, the syndromes
m—1
Sio=)_y#ia), (3)
j=0
which are the components of the vector yH.

@ For every pair /, k of nonnegative integers such that i + k < 27 — 1 we may compute S;, € K recursively
from (3) according to the rule

Sikr = 071 (0(Sik) = Siv1k)- (4)
@ We may thus form syndrome matrix
Soo  Soa o Soret
51,0 51,1 e S1,‘1'—1
S = . . . .
ST,O Sr,l e Sr,r—l
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Decoding, Il

Next, for 1 < r < 1, let S, denote the matrix formed by the r first columns of S and compute

Proposition 3

The left kernel of the matrix

B =

is a one dimensional vector subspace of K%' spanned by a vector p = (po, - -

0 = max{r : rank S, = r}.

50,0 50,1
51,0 51,1
So0  Sea

S0,60-1
51,971

59,9—1

., pa) with pg # 0.
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Decoding, IV

The localization of the positions ki, ..., k, € {0,..., m—1} at which the error values e, ..., e
done with the help of a locator matrix built from p = (po, ..., ps) as follows.

appear will be

v
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Decoding, IV

The localization of the positions ki, ..., k, € {0,..., m— 1} at which the error values e, ..., e, appear will be
done with the help of a locator matrix built from p = (po, ..., ps) as follows.

@ Forj=0,... m—1landi=0,..m—0—1, set

o ifj=0,...,0
by =7 4I=0 R 5)
0 ij=6+1,... m—1
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Decoding, IV

The localization of the positions ki, ..., k, € {0,..., m— 1} at which the error values ¢, ...

done with the help of a locator matrix built from p = (po, . .., pg) as follows.

@ Forj=0,... m—1landi=0,..m—0—1, set

i ifj=0,...,0
loj = Py lJ . i1 =0.
0 ifj=0+1,.... m-1

@ We may then construct a matrix

IO,O /0,1 e IO,mfl
ho ha i hm-1
L =
Im7971,0 /m7971,1 o /m7971,m71

by defining its entries recursively as
liv1j = o(lj-1) + 0(/;)).
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Decoding, V

Fori=0,...,m—1 let ¢ denote the vector of K™ whose i—th component equal to 1, and every other component
is 0. By Row(LA) we denote the row space of the matrix LA.

Theorem 4
The error positions ki, ..., k, are, precisely, those
ke{0,...,m—1}
such that €, & Row(LA). The error values e, , ..., e, € K are the unique solution of the linear system
Sio = ekJ-(pLJrkj(a), 0<i<v-—1).

J=1
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RS skew-differential codes over finite fields.

Let us assume here that K = [ is the finite field with p” elements for some prime p, so our codes become linear
block codes over the alphabet F.

3Setting K¥u = Fg, and ny, ..., n, the degrees of the distinct irreducible factors appearing in the canonical factorization of the minimal
olynomial p € , we obtain that the probability for a given o € K to be a cyclic vector is
polynomial Fq[X btain that the probability f qgi K to b ycli tor i

(IT—g ™M) (1—qg™).
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RS skew-differential codes over finite fields.

Let us assume here that K = [ is the finite field with p” elements for some prime p, so our codes become linear
block codes over the alphabet F. Let 7 be the Frobenius automorphism of F.
The steps of the design method of an RS skew-differential block code may be then enumerated as follows:

3Setting K9 = Fq, and ny, ..., n; the degrees of the distinct irreducible factors appearing in the canonical factorization of the minimal

polynomial ¢/ € F,[X], we obtain that the probability for a given o € K to be a cyclic vector is
(IT—g ™M) (1—qg™).
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RS skew-differential codes over finite fields.

Let us assume here that K = [ is the finite field with p” elements for some prime p, so our codes become linear
block codes over the alphabet F. Let 7 be the Frobenius automorphism of F.

The steps of the design method of an RS skew-differential block code may be then enumerated as follows:

@ Choose a natural 0 < h < r, and set 0 = 7" and m = 5 the order of o, which will also become the length
of the code.

@ Choose v and v in F, with u + v # 0, in order to set the o-derivation 0 : F — F as 0(c) = v(o(c) — ¢) and
the additive map ¢, as ¢,(c) = o(c)u + d(c) for every c € F.

3Setting K9 = Fgoand ng, ..., n; the degrees of the distinct irreducible factors appearing in the canonical factorization of the minimal
polynomial ¢/ € F,[X], we obtain that the probability for a given o € K to be a cyclic vector is
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RS skew-differential codes over finite fields.

Let us assume here that K = [ is the finite field with p” elements for some prime p, so our codes become linear
block codes over the alphabet F. Let 7 be the Frobenius automorphism of F.

The steps of the design method of an RS skew-differential block code may be then enumerated as follows:

@ Choose a natural 0 < h < r, and set 0 = 7" and m = .5 the order of o, which will also become the length
of the code.

@ Choose v and v in F, with u + v # 0, in order to set the o-derivation 0 : F — F as 0(c) = v(o(c) — ¢) and
the additive map ¢, as ¢,(c) = o(c)u + d(c) for every c € F.

@ By a random? search, find a cyclic vector a.

3Setting K9 = Fgoand ng, ..., n; the degrees of the distinct irreducible factors appearing in the canonical factorization of the minimal
polynomial ¢/ € F,[X], we obtain that the probability for a given o € K to be a cyclic vector is

(=g ™) (1=qg ™).
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RS skew-differential codes over finite fields.

Let us assume here that K = [ is the finite field with p” elements for some prime p, so our codes become linear
block codes over the alphabet F. Let 7 be the Frobenius automorphism of F.

The steps of the design method of an RS skew-differential block code may be then enumerated as follows:

@ Choose a natural 0 < h < r, and set 0 = 7" and m = .5 the order of o, which will also become the length
of the code.

@ Choose v and v in F, with u + v # 0, in order to set the o-derivation 0 : F — F as 0(c) = v(o(c) — ¢) and
the additive map ¢, as ¢,(c) = o(c)u + d(c) for every c € F.

@ By a random? search, find a cyclic vector a.

@ Finally, choose a designed distance 3 < d < m, and set the parity check matrix H as in Definition 2.

3Setting K9 = Fgoand ng, ..., n; the degrees of the distinct irreducible factors appearing in the canonical factorization of the minimal
polynomial ¢/ € F,[X], we obtain that the probability for a given o € K to be a cyclic vector is

(=g ™M) (1=qg ™).
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Example

@ Consider F = [F5(a) the field with 256 = 28 elements, where a® + a* + 2 + 22 + 1 = 0.
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Example

@ Consider F = [F5(a) the field with 256 = 28 elements, where a® + a* + 2 + 22 + 1 = 0.

o Let o be the Frobenius automorphism of I, that is, o(c) = c? for any ¢ € IF, which has order m = 8. Then
our code is of length 8.
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Example

@ Consider F = [F5(a) the field with 256 = 28 elements, where a® + a* + 2 + 22 + 1 = 0.

o Let o be the Frobenius automorphism of I, that is, o(c) = c? for any ¢ € IF, which has order m = 8. Then
our code is of length 8.

@ We set v = 3, yielding the o-derivation given by d(c) = ac? + ac for every c € F, and u = a2, so
@u(c) = a®°c? + ac for every c € .
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Example

Consider F = IF5(a) the field with 256 = 28 elements, where a® 4+ a* + a2 + 2% + 1 = 0.

Let o be the Frobenius automorphism of T, that is, o(c) = c? for any ¢ € IF, which has order m = 8. Then
our code is of length 8.

o We set v = a, yielding the o-derivation given by d(c) = ac? + ac for every c € F, and u = 22, so
@u(c) = a®°c? + ac for every c € .

@ We now choose @ = a°. The matrix A from Proposition 1 takes now the form

a9 al46 3103 a244 3214 389 a a200

J146 4103 244 214 g0 2200 237

a103 3244 3214 389 a a200 3237 a95

A 244 214 80 5200 ;237 j95 105

= e 80 2200 4237 405 1105 175

80 3 3200 ;237 j95 105 4175 184

2 2200 4237 05 1105 J175 j184 21

2200 ;237 95 105 4175 184 21 150
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Example

Consider F = IF5(a) the field with 256 = 28 elements, where a® 4+ a* + a2 + 2% + 1 = 0.

Let o be the Frobenius automorphism of T, that is, o(c) = c? for any ¢ € IF, which has order m = 8. Then
our code is of length 8.

o We set v = a, yielding the o-derivation given by d(c) = ac? + ac for every c € F, and u = 22, so
@u(c) = a®°c? + ac for every c € .

@ We now choose @ = a°. The matrix A from Proposition 1 takes now the form

a9 al46 3103 a244 3214 389 a a200

J146 4103 244 214 g0 2200 237

a103 3244 3214 a89 a a200 3237 a95

A 244 214 80 5200 ;237 j95 105

= e 80 2200 4237 405 1105 175

80 3 3200 ;237 j95 105 4175 184

2 2200 4237 05 1105 J175 j184 21

2200 ;237 95 105 4175 184 21 150

o The determinant of A equals a*’, so that a is a cyclic vector. Finally, we set a designed distance d = 5.
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Example

Let then C = C,, .05 C IF® be the [8, 4, 5lxs6-linear code defined as the left kernel of the matrix H below.

From H, by standard methods, we have also computed a generating matrix G.

39 a146 a103 a244

3146 a103 a244 3214
3103 a244 a214 389 1 0 0 O 3105 869 a221 341
H— a244 a214 a89 a and G — 0 1 0 0 a109 a25 a232 a166
- 3214 389 a a200 - 0 0 1 0 3145 354 a104 336
a89 a a200 a237 0 0 O 1 a251 a141 a42 a60

a a200 3237 a95

a200 3237 a95 3105

(UGR) Decoding Skew-Differential Lens, 2021 (14)



Example

Let us exemplify the encoding-decoding process. The error-correcting capacity of C is 7 = 2.
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Example
Let us exemplify the encoding-decoding process. The error-correcting capacity of C is 7 = 2.

Suppose we want to transmit the message

M

so that we encode it to a codeword

c= MG = (261, 3102’ 3182' 3250’ 833, 3126’ 3121, a226) c C.
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Example
Let us exemplify the encoding-decoding process. The error-correcting capacity of C is 7 = 2.

Suppose we want to transmit the message

M

so that we encode it to a codeword

c= MG = (361’ 3102’ 3182' 3250’ 333, 3126’ 3121, 3226) c C.

During the transmission, ¢ is corrupted by adding the error vector
e=(0,a%0,4%0,0,0,0),
yielding then the received word

(361, 36’ 3182’ 3107, 333, 3126, 3121’ a226) )

y=c+e=

Gomez-Torreci Decoding Skew-Differential Lens, 2021
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Example
Now, we run our decoding algorithm.

@ We first calculate the syndromes
yH = (332 296 5250 3236) 40

so it is detected some error.
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Example
Now, we run our decoding algorithm.

@ We first calculate the syndromes
yH = (a%2, 2%, %%, 2%%) + 0,
so it is detected some error.
@ The syndrome matrix computed according to (4) is then

32 3
S—| 29 67
2250 221
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Example
Now, we run our decoding algorithm.

@ We first calculate the syndromes
yH = (a%2, 2%, %%, 2%%) + 0,
so it is detected some error.
@ The syndrome matrix computed according to (4) is then

232 a3
S = 390 357
250 221

@ The first column of S is a multiple of its second column, so that S has rank 1 and, henceforth, 6 = 1.
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Example
Now, we run our decoding algorithm.

@ We first calculate the syndromes
yH = (332’ 2% 5250 3236) £0,
so it is detected some error.

@ The syndrome matrix computed according to (4) is then

232 a3
S = 390 357
3250 a221

@ The first column of S is a multiple of its second column, so that S has rank 1 and, henceforth, 6 = 1.
@ Therefore, the matrix B in Proposition 3 takes the form

232
- ( ).
and a basis of its left kernel is provided by the vector

192) .

p=(aa

J. Gémez-Torrecillas (UGR) Decoding Skew-Differential Lens, 2021
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Example

@ The matrix L defined in (6) becomes

a at%? 0 0 0 0 0 0
a27 a125 3129 0 0 0 0 0
3132 %4 3148 a3 0 0 0 0
L = 3193 a105 a215 a102 a6 0 0 0 ,
3222 a134 3212 3108 a134 312 0 0
a205 3117 a209 a216 3212 325 aZ4 0
a158 370 3195 a206 a88 3245 3222 a48

Decoding Ske



Example

@ The matrix L defined in (6) becomes

48

OO0 ococoo

24
222

12
25
245

34
12
8

© = o ©
OO O T @ @ @

02
08
16
06

Mm = = &N
OO @ @ T T ®

D 0 1 N O v

N & 4 4 O O

H o oH N NN
O @ @ T T T T
N o < N~
O N § O M = O

e N T R N N
T T T T T T T

05

a Mmoo ©
~ M o o Lo
N H oH NN
T T T T T T T
{
Il
~

@ and LA results

P N

o
—

24
69

™ o [} o
NN H Y A H S
T @© T W T T T
©o Mo ¢ < =}
¥+ © ¥ o O =}
o oH NN ® [3'l
T © © W T T T

64
29
24
16
69

© ©
o - N H o -
T ©® © @ T T T

N o
N ©

245

< %58
NN = = NN
LI I I

98

27
69
0
03
6
0

H oS NN A
T @© T W T T T

75
84
1

59
08

77
44

o oH N
T @© © W T T T
=) ™
o0 N © O O © O
O N H S N N
T ®© ® W T T QD

46
37
03

© O M o
AN H NN H SO
[ IR TR TR T B T
{I\

Il

<

-




Example

@ The identification of the positions k € {0,1...,7} such that e, ¢ Row(LA) can be easily done if we compute
the row reduced echelon form of LA,

LA rref —

OO0 oo oOoow
OO0 oo or o
[eNeNeNoll e Ne]
OO0 oo o+o
OO0 O+ OOOo
OO+ OOOoOOo
O OO0OO0OOoOOo
_H O OOOOOoO
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Example

@ The identification of the positions k € {0,1...,7} such that e, ¢ Row(LA) can be easily done if we compute
the row reduced echelon form of LA,

LA rref —

OO0 oo oOoow
OO0 oo or o
[eNeNeNoll e Ne]
OO0 oo o+o
OO0 O+ OOOo
OO+ OOOoOOo
O OO0OO0OOoOOo
_H O OOOOOoO

@ It is clear that €; and €3 do not belong to Row(LA). Therefore, there are errors at positions 1 and 3.
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Example

@ The identification of the positions k € {0,1...,7} such that e, ¢ Row(LA) can be easily done if we compute
the row reduced echelon form of LA,

LA rref —

OO0 oo oOoow
OO0 oo or o
[eNeNeNoll e Ne]
OO0 oo o+o
OO0 O+ OOOo
OO+ OOOoOOo
O OO0OO0OOoOOo
_H O OOOOOoO

@ It is clear that €; and €3 do not belong to Row(LA). Therefore, there are errors at positions 1 and 3.

@ We finally need to solve a linear system in order to recover the error values. Indeed, the error values are the
solution of the system

146 103
244 214 - .

€3
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Example

o The identification of the positions k € {0,1...,7} such that ¢, ¢ Row(LA) can be easily done if we compute
the row reduced echelon form of LA,

LA rref —

OO0 oo oOoow
OO0 oo or o
[eNeNeNoll e Ne]
OO0 oo o+o
OO0 O+ OOOo
OO+ OOOoOOo
O OO0OO0OOoOOo
_H O OOOOOoO

@ It is clear that €; and €3 do not belong to Row(LA). Therefore, there are errors at positions 1 and 3.

@ We finally need to solve a linear system in order to recover the error values. Indeed, the error values are the

solution of the system
146 103
a a e
( 244 214)( )2(332 396)4

€3

@ The solution is, as expected, e; = a® and e3 = a%.
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Mathematical setup and proofs

The aim of this part is to prove the mathematical results that ground our decoding algorithm.
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Mathematical setup and proofs

The aim of this part is to prove the mathematical results that ground our decoding algorithm.

So, let (g, 0) be a skew-derivation on a field K. Recall that, for each v € K, we define
@u(a) = o(a)u + 0(a),

for all a € K, thus obtaining a map ¢, : K — K.
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Mathematical setup and proofs

The aim of this part is to prove the mathematical results that ground our decoding algorithm.
So, let (g, 0) be a skew-derivation on a field K. Recall that, for each v € K, we define
pu(a) = o(a)u + o(a),
for all a € K, thus obtaining a map ¢, : K — K. This additive map becomes right K*#“—linear, where

K% ={be K : ¢,(ab) = ¢,(a)b for all a € K}

is the ¢,—invariant subfield of K.
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Mathematical setup and proofs

The aim of this part is to prove the mathematical results that ground our decoding algorithm.
So, let (g, 0) be a skew-derivation on a field K. Recall that, for each v € K, we define
pu(a) = o(a)u + o(a), (8)
for all a € K, thus obtaining a map ¢, : K — K. This additive map becomes right K*#“—linear, where
K% ={be K : ¢,(ab) = ¢,(a)b for all a € K}
is the ¢,—invariant subfield of K.
Set

e End(K) the ring of endomorphisms of K as an additive group.
@ R the subring of End(K) generated by K and ¢,.

@ Here, K is seen as a subring of End(K) by considering each element a of K as the additive endomorphism
given by multiplication by a.

J. Gémez-Torrecillas (UGR) Decoding Skew-Differential Lens, 2021 (19)



Mathematical setup and proofs

Proposition 5

If the dimension of K as a K¥“—vector space is m < oo, then the minimal polynomial of ¢, as a K% —linear map
has degree m. Consequently, ¢, has at least a cyclic vector o € K. Moreover,

R=KoKp, & - &Ko " 9)

Torrecillas (UGR)
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Mathematical setup and proofs

Proposition 5

If the dimension of K as a K¥“—vector space is m < oo, then the minimal polynomial of ¢,
has degree m. Consequently, ¢, has at least a cyclic vector a € K. Moreover,

R=K&Kp,® &Ko "

as a K% —linear map

9

Proof.
It easily follows from (1) that, in End(K),

pua = a(a)e, + 0(a),
for all a € K. This implies that R = K + K¢, + K@? + - -.

(10)
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Mathematical setup and proofs

Proposition 5

If the dimension of K as a K¥“—vector space is m < oo, then the minimal polynomial of ¢, as a K% —linear map
has degree m. Consequently, ¢, has at least a cyclic vector a € K. Moreover,

R=KoKp, & - &Ko " 9)

Proof.
It easily follows from (1) that, in End(K),

pua = o(a)e, + d(a), (10)
for all a € K. This implies that R = K + K¢, + K@? + - -.

Now, since dimkes K = m, the minimal polynomial of ¢, as a K?—linear map has degree n < m. This in
particular implies that R = K + Ko, + -+ + K™ L.
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Mathematical setup and proofs

Proposition 5

If the dimension of K as a K¥“—vector space is m < oo, then the minimal polynomial of ¢, as a K% —linear map
has degree m. Consequently, ¢, has at least a cyclic vector a € K. Moreover,

R=KoKp, & - &Ko " 9)

Proof.
It easily follows from (1) that, in End(K),

pua = 0(a)p, + 0(a), (10)

for all a € K. This implies that R = K + K¢, + K@? + - -.

Now, since dimkes K = m, the minimal polynomial of ¢, as a K?—linear map has degree n < m. This in
particular implies that R = K + Ko, + -+ + K™ L.

On the other hand, by Jacobson-Bourbaki's correspondence, m = dimyk R. We thus derive that n = m and (9).

O

v
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Mathematical setup

From now on, we assume that dimys K = m < co. According to Proposition 5, the minimal equation of ¢, over
K? has degree m, that is, is of the form

0= @) + tma@) ™+ + gy + ko (1)
with y; € K% for i =0,...,m— 1.
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Let o € K. For any subset {t;,...,t,} € {0,..., m— 1}, define, as in

[DL] J. Delenclos and A. Leroy. Noncommutative symmetric functions and W-polynomials. Journal of Algebra
and lts Applications, 6 (2007), 815-837,

the matrix
@, (a) @2 (a) o)
. pitHa) @ (a) <PZ““( a)
W(g(a),....¢r(a) =
Pr T Na) @) gl )

Lens, 2021
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Lemma 6 (DL, Theorem 5.3)

Given a € K, the following conditions are equivalent.
@ «a is a cyclic vector for the K¥—linear map ¢,.
Q@ W(a, p,(), ..., o7 () is an invertible matrix.

Q@ W(¢i(a),..., ¢o(a)) is an invertible matrix for every subset {t,...,t,} C{0,...,m—1}.
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Lemma 6 (DL, Theorem 5.3)

Given o € K, the following conditions are equivalent.

@ < is a cyclic vector for the K?—linear map @,,.

Q@ W(a, ¢,(a),...,¢" () is an invertible matrix.
Q@ W(p2(a),...,¢l"(a)) is an invertible matrix for every subset {ty, ..., t,} C{0,...,m—1}.
v
Proof.
For every nonzero ¢ € K, consider the conjugate of u by c:
c,, _ —1 —1
u=o(cjuc " + o(c)c .
o
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Lemma 6 (DL, Theorem 5.3)

Given o € K, the following conditions are equivalent.
@ < is a cyclic vector for the K?—linear map @,,.

Q@ W(a, ¢,(@), ..., o7 (a)) is an invertible matrix.

Q@ W(ph(a),..., ¢(a)) is an invertible matrix for every subset {t;,...,t,} C{0,...,m—1}.

Proof.
For every nonzero ¢ € K, consider the conjugate of u by c:

‘u=a(c)uct + do(c)ct.

We get
K% ={ce K\{0} | “u=u}u{0}

the latter being the (0 — d)—centralizer of u in the terminology of [DL].
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Lemma 6 (DL, Theorem 5.3)

Given a € K, the following conditions are equivalent.
@ < is a cyclic vector for the K?—linear map @,,.
Q@ W(a, ¢,(@), ..., o7 (a)) is an invertible matrix.
Q@ W(ph(a),..., ¢(a)) is an invertible matrix for every subset {t;,...,t,} C{0,...,m—1}.

Proof.
For every nonzero ¢ € K, consider the conjugate of u by c:

‘u=a(c)uct + do(c)ct.
We get
K% = {ce K\ {0} | ‘u = u} U {0};
the latter being the (0 — d)—centralizer of u in the terminology of [DL]. Since a is a cyclic vector for ¢, precisely
when {a, g,(), ..., 97 *(a)} is a K?-basis of K, we may apply [DL, Theorem 5.3] to deduce that the three
conditions are equivalent. O

v
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Fix a cyclic vector o € K of ¢,. From Lemma 6 we get
Theorem 7

For2 <d < m, let Cy, o4 € K™ be the left kernel of the matrix

a @u(Q) e i3 (a)
pu(a)  @i(a) - 9N a)
= g 2 - 2 0 (12)
<p37"1(a) 7@ - @t (a)

that is, Ci, 0.0y = {c € K™ : cH = 0}. Then Cy, +.q) is a K-linear code of dimension m — d + 1 and minimum
Hamming distance d.
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Skew polynomial rings

The skew derivation (o, 0) leads to the construction of a non commutative polynomial ring R = K[x; g, d], often
called a skew polynomial ring. The elements of R are polynomials in an indeterminate x with coefficients from K
written on the left (that is, the monomials 1, x, x2,... form a basis of R as a left vector space over K). The
multiplication of R is subject to the following rule:

xa = o(a)x + d(a), (13)

forall 2 € K.
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Skew polynomial rings

The skew derivation (o, 0) leads to the construction of a non commutative polynomial ring R = K[x; g, d], often
called a skew polynomial ring. The elements of R are polynomials in an indeterminate x with coefficients from K
written on the left (that is, the monomials 1, x, x2,... form a basis of R as a left vector space over K). The
multiplication of R is subject to the following rule:

xa = g(a)x + 0(a), (13)
for all a € K.

Proposition 8

The map 7 : R — R that sends _, f;x' onto y_, f;¢l, is a surjective ring homomorphism whose kernel is Ry = R,
where

is a polynomial in R built from the coefficients of the minimal equation of ¢,, see (11).
Hence, there is a left K-linear isomorphism of rings R/Ry = R.
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Skew polynomial rings

We may thus identify R with R/Ry, and, therefore, its elements with polynomials in R with degree smaller than
m (this identification makes correspond ¢, with x). This view makes some concepts more natural, like the degree
of an element of R.
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Skew polynomial rings

We may thus identify R with R/Ry, and, therefore, its elements with polynomials in R with degree smaller than
m (this identification makes correspond ¢, with x). This view makes some concepts more natural, like the degree
of an element of R.

The coordinate isomorphism of left K—vector spaces

m—1
v:R— K™, () fix' > (fo v fina))
i=0

allows the transfer of elements and vector subspaces between both K-vector spaces.
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Decoding Algorithm’s mathematical foundations
Let ¢ € Ciy,.a.9) be a codeword that is transmitted through a noisy channel, and let

y=00 Y1 Ym1) € K"

be the received word.
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Decoding Algorithm’s mathematical foundations
Let ¢ € Ciy,.a.9) be a codeword that is transmitted through a noisy channel, and let

y =0y Ym1) € K"
be the received word. We may decompose y = c + e, where
e= (e, €1,.---,6n1) € K"

is the error vector.
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Decoding Algorithm’s mathematical foundations
Let ¢ € Ciy,.a.9) be a codeword that is transmitted through a noisy channel, and let

y=W0oy1, - ¥Ym1) € K"
be the received word. We may decompose y = c + e, where

e= (e, e1,...,em1) € K"

is the error vector. By kq,..., k, € {0,1,..., m— 1} we denote the positions where the nonzero error values
€k, --, €, € K occur.
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Decoding Algorithm’s mathematical foundations
Let ¢ € Ciy,.a.9) be a codeword that is transmitted through a noisy channel, and let

y=0o0 Y1, - Ym1) € K"

be the received word. We may decompose y = c + e, where

e= (e, €1,.---,6n1) € K"
is the error vector. By kq,..., k, € {0,1,..., m— 1} we denote the positions where the nonzero error values
€kyr ..., €, € K occur. We prove first that the latter can be computed from y once the positions are known.
Proposition 9
IfO<i<d-—2, then
; . i+k;
Zy, o) =) ey (a). (14)
j=1

Therefore, if v < d — 1, then (e, ..., €x,) is the unique solution of the linear system of equations

Zy, +i( Zeﬂp’“(a 0<i<v—1). (15)
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Proof.

The equations (14) hold because C,, «.q) is the left kernel of the matrix H defined in (12). The linear system (15)
has a unique solution since the matrix

o(a) @t a) - @ltHa)
p2(@) @) o @t THa) . .

= W(g(a), ..., ¢, (a)f
(@) @ftHa) o @it a)

is invertible by Lemma 6.
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For every pair (i, k) of non-negative integers, set

v

S =Y _ o (@) (ey), (16)
j=1
where, for all 2 € K,
Y(a) = U’l(ﬁ(a) — ua). (17)
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For every pair (i, k) of non-negative integers, set

Sik=Y_ o (@) (ey), (16)
Jj=1
where, for all a € K,
Y(a) = o (0(a) — va). (17)

Lemma 10

For all pairs (i, k) of non-negative integers, we have

0(Sik+1) = 0(Sik) — Siv1.k (18)
Moreover,
m—1
Sio =y (a), (19)
j=0
for every i =0, ...,d — 2, and the values S; x can be computed recursively by means of (18) from the received
word y whenever i + k < d — 2.
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Proof.

Observe that
o(ay(b)) = d(ab) — pu(a)b, (20)

for all a, b € K.
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Proof.
Observe that
o(a(b)) = d(ab) — @u(a)b, (20)
for all a, b € K.Indeed,
(17)

o(ag(b)) 0(a)(0(b) — ub)
5(ab) — 8(a)b — a(a)ub

o(ab) — ¢,(a)b.

= 1=1
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Proof.
Observe that

for all a, b € K.Indeed,

For every pair (i, k),

0(Sik+1)

17)
a(ay(b) =

o(ay(b)) = o(ab) —

o(a)(8(b) — ub)
5(ab) —

o(ab) — ¢,(a)b.

!, o(so’fk (@) +(e))
YL ol (@) (e)) — Yy @
0(Sik) — S,

i+1,k-

pu(a)b,

1P

o(a)b — a(a)ub

1+k il

(@) (ex)
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Proof.
Observe that

o(a(b)) = d(ab) — @u(a)b, (20)
for all a, b € K.Indeed,

&

o(ag(b)) 0(a)(d(b) — ub)
5(ab) — 8(a)b — a(a)ub

o(ab) — ¢,(a)b.

c

For every pair (i, k),

(16) Bty
0(Siks1) = X1 0(pu (@) (ex))
(20) i+k; K v :+k +1 K
- Y 1 0(pu (@) Pk(en)) =21 @ (a)y"(ex;)
1
o 0(Sik) = Sivik-
Finally, (19) follows from (14). O
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Set T = {ki,..., k,}, and let At be the submatrix of A = W(a, ¢,(a), ..., ™ (a)) formed by the columns at
positions ki, ..., k,, that is

@i (a) @2 (a) e i)
Pta)  glta) e gkt a)
Ap =
P Ha) @ a) e gt a)
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The locator polynomial

Proposition 11

Define, for every 1 < r, the matrix

€k 4’(61(1) e ¢r_1(ek1)

€ko w(ekz) e ¢r71(ek2)
E. = g o - g

& Wlew) o @ Mew)

and set
6 = max{r : rank E, = r}.

@ I/fV C K™ is the left kernel of the matrix At Ey, then v=(V) = Rp for some p € R of degree 6.

@ If B is the matrix formed by the first 0 + 1 rows of At Ey, then we may choose p = po + p1x + - - + pax?, for
any nonzero vector (po, p1, - - ., pe) in the left kernel of B.

v
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The locator polynomial

(1) We will prove that the K—vector subspace | = v1(V) of R is a left ideal.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C I.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C /. Given Z,f:)l a;x" € R we get from (13), since = 0 in R, that

m—1 m—1
X(Z aix') = (0(ai_1) + 0(a;) — o(am_1)u)x’, (21)
i=0 i=0

where we set a_; = 0.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C /. Given Z;"Bl a;x" € R we get from (13), since = 0 in R, that

i

m—1 m—

x()_ax) =) (0(ai1) + 8(a) = o(am-1)u)x', (21)
0

i=0 i=
where we set a_; = 0.

Suppose that (ag, ..., am—2, am-1)A7Eg = 0.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C /. Given Z;’;Bl a;x" € R we get from (13), since = 0 in R, that

m—1 m—1
x(Y aix'y =) (0(ai-1) + 6(a) — 0(am-1)1)x’, (21)
i=0 i=0
where we set a_; = 0.
Suppose that (ag, ..., am-2, am-1)A7Eg = 0. The maximality of 6 ensures that the last column of Eg,; is a linear

combination of the former 6 columns.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C /. Given Z;’;Bl a;x" € R we get from (13), since = 0 in R, that

m—1 m—1
x(Y aix'y =) (0(ai-1) + 6(a) — 0(am-1)1)x’, (21)
i=0 i=0
where we set a_; = 0.
Suppose that (ag, ..., am-2, am-1)A7Eg = 0. The maximality of 6 ensures that the last column of Eg,; is a linear

combination of the former 6 columns. Hence,

(@0, .., am—2,am-1)ATEs41 = 0.
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The locator polynomial

(1) We will prove that the K—vector subspace / = v1(V) of R is a left ideal. To do this, we need just to check
that x/ C /. Given Z;"Bl a;x" € R we get from (13), since = 0 in R, that

m—1 m—1
x(Y aix'y =) (0(ai-1) + 6(a) — 0(am-1)1)x’, (21)
i=0 i=0
where we set a_; = 0.
Suppose that (ag, ..., am-2, am-1)A7Eg = 0. The maximality of 6 ensures that the last column of Eg,; is a linear

combination of the former 6 columns. Hence,

(@0, .., am—2,am-1)ATEs41 = 0.
Observe that
So,0 So.1 te So.0
Si0 Si1 T S1
ATE9+1 = . . . .
Sm—l,O Sm—1,1 o Sm—l,@
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The locator polynomial

Therefore,

m—1
Y aSik=0, forall 0 < k < 6. (22)
i=0
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The locator polynomial

Therefore, 1
"’i Sk =0,  forall0<k<6. 1
i=0
For 0 < k < 6 —1 we have
S ola) + 0@ S = LG olara)Sik + 0(aiSie) — 0(a)(S,)}
@ Yo 0(aim1)Sik — Yo 0(a)8(Sik)
© oy (a)Sik
=Y " a(a)o(Sike1) + Sivik]
= Y o(ar1)Sik — 0(X s aiSikea)
=Y " o(a) Sk
@ Y o 0(ais1)Sik — Yo" 0(ai) Sivrk
= —0(am-1)Smk-
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The locator polynomial

Since, by (11), @7 + Y " il = 0, we get

Smk = Ll on I (a)ik(e)

> 1[—2,"’01 i (@) ey
eyl ZJ Lol (@)K (ex,)

= _Z, -0 YiSi k.-

Then Z;’;Bl(a(a,-_l) +0(a;))Six = Z:-T;Bl o(am_1)u;S; k and, therefore,

(bo, b1, ..., by-1)ATEg =0,

where b; = g(a;_1) + 0(a;) — o(am_1)p; for i =0,...,m—1.
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The locator polynomial

We thus deduce from (21) that x(}_7" " a;x’) € | whenever y o ax' €.
Hence, / is a left ideal of R and / = Rp for some nonzero polynomial p. As for its degree concerns, we have
R K™
d =di =di =0,
egp Mg — Rp Mg —— v

since A1 Ep is full rank.
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The locator polynomial

We thus deduce from (21) that x(}_7" " a;x’) € | whenever y o ax' €.
Hence, / is a left ideal of R and / = Rp for some nonzero polynomial p. As for its degree concerns, we have
R K™
d =di =di =0,
egp =dimx — Rp imyx -

since A1 Ey is full rank.

(2) Write p = po + - - - + pex?. Then the vector (po, ..., ps,0,...,0) € K™ belongs to the left kernel of ArEy, and,
hence, to the left kernel of B.
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The locator polynomial

We thus deduce from (21) that x(3_7 " a;x’) € | whenever Y7 " a;x’ € I.
Hence, / is a left ideal of R and / = Rp for some nonzero polynomial p. As for its degree concerns, we have

deg p = dimg 77;;) =dimg KV =0,

since A1 Ey is full rank.
(2) Write p = po + - - - + pex?. Then the vector (po, ..., ps,0,...,0) € K™ belongs to the left kernel of ArEy, and,

hence, to the left kernel of B. But every nonzero vector in the left kernel of B gives the coefficients of a
polynomial in R p, so, since p is of minimal degree, such a vector must be a multiple of (po, ..., po).
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The error locator matrix

Next, we will construct the error-locator matrix from the polynomial p given in Proposition 11.

Forj=0,....m—1landi=0,...m—60—1, set

; ifj=0,...,0
loj = P lJ 0 , li_1=0.
0 ifj=0+1,... m-1

We may then construct a matrix

lo.o loa e lo,m-1
ll,O ll,l e ll,m—l
L= . _ _ , (23)
lm7671,0 /m—971,1 e /m7971,m71

by defining its entries recursively as

liy1j = o(lij—1) + (i)
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The error locator matrix

For i=0,...,m—1, let ¢ denote the vector of K™ whose i—th component is equal to 1, and every other
component is 0. By Row(LA) we denote the row space of the matrix LA.

Theorem 12
If T ={ki, ..., k,} is the set of error positions, then

T={ke{0,...,m—1}: e & Row(LA)}.

Torrecillas (UGR)
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The error locator matrix

For i=0,...,m—1, let ¢ denote the vector of K™ whose i—th component is equal to 1, and every other
component is 0. By Row(LA) we denote the row space of the matrix LA.

Theorem 12
If T ={ki, ..., k,} is the set of error positions, then
T={ke{0,...,m—1}: e & Row(LA)}.

Proof.
According to Proposition 11, v(Rp) = ker(-A7Ep). A K-basis of Rp is {p, xp, ..., x™17%p}. Hence, the rows of

v(p)

o(xp)

M, = .
t)(Xm—l—Gp)

give a basis of v(Rp). A straightforward computation based on (1) leads to L = M,

J. Gémez-Torrecillas (UGR) Decoding Skew-Differential Lens, 2021 (38)



The error locator matrix

Let / be denote the identity matrix of size m x m, and denote by /7 the submatrix of / formed by the columns at
positions ki, ..., k,. Note that Ar = Alr.
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The error locator matrix

Let / be denote the identity matrix of size m x m, and denote by /7 the submatrix of / formed by the columns at
positions ki, ..., k,. Note that Ar = Alr.

We have proved that Row(L) = ker(-ArEp), so that

x € Row(LA) & xA™' € Row(L) & xA™! € ker(-A1Ep) & x € ker(-I7Ep).
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The error locator matrix

Let / be denote the identity matrix of size m x m, and denote by /7 the submatrix of / formed by the columns at
positions ki, ..., k,. Note that Ar = Alr.

We have proved that Row(L) = ker(-ArEp), so that

x € Row(LA) & xA™' € Row(L) & xA™! € ker(-A1Ep) & x € ker(-I7Ep).

This implies that Row(LA) = ker(-I7 Ep).

J. Gémez-Torrecillas (UGR) Decoding Skew-Differential Lens, 2021 (39)



The error locator matrix

Let / be denote the identity matrix of size m x m, and denote by /7 the submatrix of / formed by the columns at
positions ki, ..., k,. Note that Ar = Alr.

We have proved that Row(L) = ker(-ArEp), so that

x € Row(LA) & xA™' € Row(L) & xA™! € ker(-A1Ep) & x € ker(-I7Ep).

This implies that Row(LA) = ker(-I7 Ep).

Finally, let i € {0,..., m—1}.
If i € T, then €17 Eg is the i-th row of Eg, while if i & T, then €//+E5 = 0.
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The error locator matrix

Let / be denote the identity matrix of size m x m, and denote by /7 the submatrix of / formed by the columns at
positions ki, ..., k,. Note that Ar = Alr.

We have proved that Row(L) = ker(-ArEp), so that

x € Row(LA) & xA™' € Row(L) & xA™! € ker(-A1Ep) & x € ker(-I7Ep).

This implies that Row(LA) = ker(-I7 Ep).

Finally, let i € {0,..., m—1}.
If i € T, then €17 Eg is the i-th row of Eg, while if i & T, then €//+E5 = 0.
Since every row of Ey is non zero, we get that ¢; € Row(LA) if and only if i ¢ T.
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So, everything will work whenever we were able to compute

6 = max{r : rank E, = r}.
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So, everything will work whenever we were able to compute

6 = max{r : rank E, = r}.

Lemma 13

For every r > 1, define the matrix

50,0 50,1 T SO,r—l

S1,0 S1,1 o Sl,r—l
S = . . , :

51',0 Sr,l co ST,rfl

If v < t, then 6 = max{r : rank S, = r}.
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Proof.
Observe that S, = ME,, where

ghla) @@ o g(a)

M0 PRl o plni(a)
M:

Ga(a) @) - gh(a)

Since v < 1, the rank of M is v due to Lemma 6. We thus get that rk S, = rk E, for all r > 1, which gives the
desired determination of 6.

O
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Module theoretical locus.

o Set R=K[x;0,0]and 0 # f € R.
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Module theoretical locus.

o Set R=K[x;0,0]and 0 # f € R.
@ Recall the following general definition [BU]: A module (o, 0)—code is an R—submodule of R/Rf.
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Module theoretical locus.

o Set R=K[x;0,0]and 0 # f € R.
o Recall the following general definition [BU]: A module (o, 0)—code is an R—submodule of R/Rf.

@ Our aim here: precisely locate C,, .4 within the class of module (o, d)—codes.
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Module theoretical locus.

o Set R=K[x;0,0]and 0 # f € R.

o Recall the following general definition [BU]: A module (o, 0)—code is an R—submodule of R/Rf.
@ Our aim here: precisely locate C,, .4 within the class of module (o, d)—codes.

@ Recall that R = R/Ry, and fix the coordinate K—isomorphism v : R/Ry — K™.
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Module theoretical locus.

Set R=K[x;0,0]and 0 # f € R.

Recall the following general definition [BU]: A module (o, d)—code is an R-submodule of R/Rf.

Our aim here: precisely locate C,, .4 within the class of module (o, 6)-codes.

Recall that R = R/Rp, and fix the coordinate K—isomorphism v : R/Ry — K™,

We identify elements of R with those in R/Ry, and the latter with polynomials in R of degree at most m — 1.
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Module theoretical locus.

Set R=K[x;0,0]and 0 # f € R.

Recall the following general definition [BU]: A module (o, d)—code is an R-submodule of R/Rf.

Our aim here: precisely locate C,, .4 within the class of module (o, 6)-codes.

Recall that R = R/Rp, and fix the coordinate K—isomorphism v : R/Ry — K™,

We identify elements of R with those in R/Ry, and the latter with polynomials in R of degree at most m — 1.

Proposition 14
Let C C K™ a K—vector subspace. Then C is a module (o, 0)—code in R/Ry if and only if C = v(Rg), where

g=I[x—u,...,x—"%uy, (24)

the least common left multiple in R of x — “*u, ..., x — “%u, for some ci,...,c, € K*.
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Module theoretical locus.

Proof.
e Since R C End(K), we get that K is a left R—module.
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Module theoretical locus.

Proof.
e Since R C End(K), we get that K is a left R—module.

o Indeed, it is isomorphic to R/R(x — u).
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Module theoretical locus.

Proof.
e Since R C End(K), we get that K is a left R—module.
o Indeed, it is isomorphic to R/R(x — u).

@ Now, R = End(kes K) (use, for instance, Jacobson-Bourbaki's Theorem).
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Module theoretical locus.

Proof.
e Since R C End(K), we get that K is a left R—module.
o Indeed, it is isomorphic to R/R(x — u).
@ Now, R = End(kes K) (use, for instance, Jacobson-Bourbaki's Theorem).

@ So, all simple left R—-modules are isomorphic to R/R(x — u).
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Module theoretical locus.

Proof.
Since R C End(K), we get that K is a left R—module.
Indeed, it is isomorphic to R/R(x — u).

Now, R = End(ke K) (use, for instance, Jacobson-Bourbaki's Theorem).

So, all simple left R-modules are isomorphic to R/R(x — u).

Hence, every maximal left ideal of R is of the form R(x — “u), for some ¢ € K.
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Module theoretical locus.

Proof.
Since R C End(K), we get that K is a left R—module.
Indeed, it is isomorphic to R/R(x — u).

Now, R = End(ke K) (use, for instance, Jacobson-Bourbaki's Theorem).
So, all simple left R-modules are isomorphic to R/R(x — u).

Hence, every maximal left ideal of R is of the form R(x — “u), for some ¢ € K.

Since every left ideal of R is intersection of finitely many of them, we get the description (24) for their
generators.
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Module theoretical locus.

As a consequence of the results in [DL], we get

Proposition 15

Let {c1,...,c} C K* be a linearly independent set over K%, with k < m — 1, and set
g=[x—u,...,x—%ul,.

Then deg(g) = k, g is a right divisor of 1, and v(Rg) is the left kernel of the Wronskian matrix

C © 000 Ck
B @u(ca) Pu(c2) co ®u(ck)
Wo(ci, ..., c) = . : - :
e Ha) 9iHe) R A (o)

. Gémez-Torrecillas (UGR) Decoding Skew-Differential

Lens, 2021 (44)




Module theoretical locus.

Corollary 16

The code C,, .4 is a module (0, 0)—code, endowed with the Hamming metric, given by C, o.q) = v(Rg), where

g = [X— aU,X—(P”(a)u,. X — <P372(0()u].
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